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In this paper, we aim to show that studies on the new epistemology of
mathematics and other sciences are crucial, not only from a theoretical
perspective but also in terms of practical aspects, which are particularly
significant in the context of teaching and the development of new com-

petences among teachers.

The first aspect addressed here is the age of Al and its potential impact,
not just on scientists but on society as a whole. The second aspect focus-
es on mental imagery, which can be influenced by various factors and,
in turn, shape scientific thinking. The third aspect, briefly mentioned, is
the issue of the social responsibility of science. Our research approach is
grounded in actor-network theory as well as the extended mind thesis.
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The main problem analysed here is the relationship between the diver-
sity of mental representations and critical concept kinds in the context
of solving mathematical problems (e.g., constructing new structures).
Our key conclusion is that this diversity in mental representations can
be linked to the presence of critical concept kinds, thereby aiding in the
effective construction of new concepts and problem-solving. The need
for this diversity in representations can — and should - be cultivated and
introduced at the educational level.

Kevyworps: Al, critical concept kinds, diversity of mental representations, mathematical
practice, education

Nowa epistemologia matematyki i nauk formalnych
w dobie sztucznej inteligencji. Krytyczne rodzaje pojec
i roznorodnosc reprezentacji umystowych

W artykule starano sie wykazac, ze badania nad nowa epistemologig ma-
tematyki i innych nauk sg kluczowe nie tylko z perspektywy teoretycz-
nej, ale takze ze wzgledéw praktycznych, ktére sg szczegodlnie istotne
w kontekscie dydaktyki i rozwoju nowych kompetencji nauczycieli.

Pierwszy poruszony aspekt dotyczy ery sztucznej inteligencji i jej
potencjalnego wptywu nie tylko na naukowcow, ale i na cate spote-
czenstwo. Drugi aspekt skupia sie na obrazach mentalnych, na kté-
re mogg wptywac rézne czynniki, co z kolei moze ksztattowac my-
Slenie  naukowe. Trzecim pokrotce oméwionym aspektem jest
kwestia spotecznej odpowiedzialnosci nauki. Nasze podejscie badawcze
opiera sie na Teorii Aktora-Sieci oraz Teorii Rozszerzonego Umystu.

Gtéwnym analizowanym problemem jest zwigzek miedzy r6znorodno-
$cig reprezentacji mentalnych a rodzajami poje¢ krytycznych w kontek-
$cie rozwigzywania probleméw matematycznych (np. konstruowania

nowych struktur). Kluczowym wnioskiem jest to, ze ta ro6znorodnosc
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w reprezentacjach mentalnych moze by¢ powigzana z obecnoscia kry-
tycznych rodzajow poje¢, pomagajac w ten sposéb w skutecznym kon-
struowaniu nowych koncepcji i rozwigzywaniu probleméw. Potrzeba
tej r6znorodnosci w reprezentacjach moze i powinna by¢ kultywowana
i wprowadzana na poziomie edukacyjnym.

Stowa KLUCZOWE: sztuczna inteligencja, rodzaje pojec krytycznych, réznorodnos¢ repre-
zentacji myslowych, praktyka matematyczna, edukacja

1. Introduction

Mathematics is often regarded as a field of knowledge that is unique,
certain, and independent of human influence. Recently, however, there
has been a growing emphasis on the need to explore a new epistemol-
ogy of mathematics. Within the Philosophy of Mathematical Practice
(Carter, 2019; Giardino, 2017), issues such as errors in proofs (De Toffoli,
2021), the non-uniqueness of mainstream mathematics (Bloor, 1991; Van
Bendegem, 2016; Mangraviti, in press), and the ethical implications and
social dimensions of mathematics (Wagner, 2023) have become areas of
interest.

To illustrate why the era of Al presents a compelling argument for exam-
ining the epistemology of mathematics and other sciences, we will dis-
cuss the observed impact of Al tools on society (Olteanu et al., 2019, 2023;
Porcaro et al., 2023). In this context, it can be posited that Al tools may
influence mental imagery (Nanay, 2021, 2023), which, in turn, can affect
cognitive processes in individuals. This aspect is particularly significant
from an educational standpoint.

Our research is grounded in actor-network theory (Latour, 2017) and
the extended mind thesis (Logan, 2013). The former considers aspects
of the human agent, such as naturality, sociality, and the semiotic con-
struction of meaning (Latour, 2017, p. 173). The latter, articulated by Lo-
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gan, builds on the ideas of McLuhan and Clark, proposing that while we
create technological tools, those tools ultimately shape us (Logan, 2013,
pp. 267-268). We focus on mental imagery to explore the potential re-
lationship between humans and Al technology. If Al tools influence our
mental imagery, and that imagery, in turn, affects our cognitive process-
es, then we must consider whether certain mathematical patterns em-
bedded in Al can shape individual mental schemas and processes.

The structure of this paper is as follows: the first section explores key
aspects of the age of Al in the context of epistemology and the social re-
sponsibility of science. The second section discusses the philosophical is-
sue of diversity and introduces the idea of critical concept kinds, drawing
inspiration from Dembroff (2019). The final section presents a mathemat-
ical example demonstrating the benefits of possessing diverse, critical
mathematical concepts.

2.The age of Al

The need for a new epistemology of the sciences is particularly evident in
the age of Al. Al tools embed knowledge that can increasingly influence
society in powerful and explicit ways. However, this embedded knowl-
edge carries traces of social practices, along with hidden biases and in-
equalities, which can be further exacerbated as Al continues to shape
society.

“Old”, traditional epistemology, especially in relation to the formal
sciences, is concerned with knowledge that is detached from experience
and unrelated to the subjective psychological processes of individuals
or the social processes of scientific groups. What holds human knowl-
edge together are justifications and evidence (Bradie & Harms, 2023).
The “new” epistemology takes into account the influence of scientific
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practices (even in the formal sciences) on the construction of theories. In
this context, psychology can be seen as a useful, full-fledged analytical
tool (Bradie & Harms, 2023). This makes it possible to examine the prob-
lem of the relationship between the diversity of mental representations
(DMR) and critical concept kinds (CCK).

The “new” epistemology of mathematics differs from the “old” primarily
in its approach to complexity and the structure of mathematical knowl-
edge. Traditional epistemology is focused on static structures, viewing
mathematical knowledge as fixed and absolute. It assumes mathemat-
ical concepts to be uniform and unchanging. In contrast, the new epis-
temology considers the dynamic, diverse nature of representations and
their interactions. It emphasizes that mathematical knowledge is not ho-
mogeneous but can take various forms depending on cognitive context
and processes. Concepts in this view are shaped by critical, interactive
relationships with mental representations, allowing for a more nuanced
analysis.

As noted by Porcaro et al. (2023), diversity is not synonymous with fair-
ness. While diversity can lead to equal access to search results that pro-
mote fairness, it does not automatically ensure it. In the following discus-
sion, we will explore the potential conditions under which diversity can
foster conceptual fairness and non-discrimination and argue why devel-
oping such habits of mind is crucial from an educational perspective. In
other words, we will propose how cultivating these habits can positively
impact social practices.

Even at the level of social data itself, biases are often not directly observa-
ble but must be identified through studies in fields like social informatics
(Olteanu et al., 2019). This indicates that implicit biases arising from ac-
cepted social practices, and their influence on the validity of social data
research, are challenging to detect.
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A case in point is the use of Al tools in healthcare, where implicit bias can
significantly impact social fairness. For example, an Al tool for eye exam-
inations was found to lack diversity in its ophthalmic datasets (Jacoba,
2023). This oversight may have led to the marginalization and exclusion
of individuals whose characteristics, such as race, were not adequately
represented in the dataset. In this context, ensuring diversity in dataset
representation could help prevent bias in Al tools.

3. Diversity and the critical concept kinds

In this section we will ask whether the diversity of mathematical rep-
resentations implemented in Al can influence and shape individual men-
tal schemas and processes. We propose to consider its impact on having
critical concept kinds, along the lines of the critical gender kinds pro-
posed by Dembroff (2019). We also propose to consider the mental sche-
mas as helping in the various domains.

We will focus on the problem of diversity and its relation to the possibility
of having a critical concept at the mental level. Work relating to diversity
in mathematics and Al can be observed in various areas of philosophical
reflection — examples of such work are Mangraviti’s proposal of a frame-
work for the philosophy of alternative mathematics or the work of Castillo
and others on Al social responsibility (Olteanu et al., 2023; Porcaro et al.,
2023). In some of these proposals, diversity serves some positive function.

The notion of diversity discussed here relates to perspective. As empha-
sized in the social philosophy of science (Longino, 1990), incorporating
a broader range of viewpoints increases the likelihood of identifying and
eliminating biases in theory construction and selection, thereby leading
to a more robust epistemic practice. While this concept is widely accepted
in the “soft” sciences, abstract fields like mathematics have traditionally
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been resistant to such insights. However, this resistance is beginning to
change, as the epistemic importance of the social dimensions of mathe-
matics is increasingly acknowledged (Tanswell & Rittberg, 2020; Hunsicker
& Rittberg, 2022; Burton, 1995).

The definition of critical concept kinds, based on Dembroff (2019) and
Mangraviti (in press), can be presented as follows: a critical concept kind is
a way of working with a concept which destabilizes mainstream ways of
working with the “same” concept. Critical individual mental practices are
those practices that generate critical concept kinds.

Here we would like to describe the reason why it can be assumed that
certain mental habits and patterns (such as the need for a diversity of
mental representations and the related need in some cases to have
a critical concept kind) can influence individual and social practices.
This reason is mental imagery as described by Nanay (2021, 2023).

The definition of mental imagery is as follows: “We use the term ‘mental
imagery’ to refer to representations [. . .] of sensory information without
a direct external stimulus” (Pearson et al., 2015, p. 590; Nanay, 2023, pp. 3-4).

The most important aspect of mental imagery is that it is shaped
by various external factors that influence past memories and fu-
ture expectations. Conversely, it significantly impacts overall mental
life, emotions, desires, action execution, and multimodal perception
(Nanay, 2023).

The second, equally important aspect is that, as Nanay argues, mental
imagery can also operate at an unconscious level. In his article, Nanay
supports this perspective and discusses specific empirical experiences to
illustrate it (Nanay, 2021). Thus, the mental imagery described by Nanay
can be both involuntary and unconscious (Nanay, 2023, p. 32).

135



KAROLINA TYTKO FRANCI MANGRAVITI  NATALIA RYtko KARLYGASH NURTAZINA

For the purpose of this article, the most crucial implication of Nanay’s work
is that the connections between diversity and critical concept kinds, as
well as between mental schemas and practices, do indeed exist.

4. The mathematical case study

In this section, we will present an example illustrating how the diversity
of visual mental representations, along with the possession of a critical
concept kind, can enhance problem-solving effectiveness. The example
will focus on mathematical cognition, specifically comparing two histor-
ical constructions: Cantor’s proof against infinitesimals and Dedekind’s
construction of the set of real numbers. Our analysis will be limited to the
perspective of cognitive psychology, with a particular emphasis on visual
thinking and mental imagery, as discussed in the works of Bence Nanay
(2021, 2023) and Marcus Giaquinto (2007, 2008a, 2008b).

Cantor expressed a bias against actual infinitesimals, distinguishing them
from potential infinitesimals (Cantor, 1887, p. 410; Bfaszczyk & Fila, 2020a,
p. 150). As he explained, from the point of view of pure arithmetic analy-
sis, one should not equate infinitesimals with magnitudes, but only with
the way these magnitudes change, i.e., with “variable magnitudes be-
coming infinitely small” (Cantor, 1882, pp. 156-157; Pogonowski, 2012).
In contrast, he described linear numbers in opposition to variable mag-
nitudes as: “numbers which may be regarded as bounded, continuous
lengths of straight lines” (Cantor, 1887, p. 407; Ehrlich, 2006, p. 41).

Cantor’s attitude described above relates to his platonic assumptions —
that the objects of mathematics exist independently of people. Since he
always took existing concepts as the starting point of his considerations,
he did not attempt to construct them (Cantor, 1883, p. 207).
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Figure 1.
The example of the visual representation for the potential infinitesimal.

linear magnitude
| i >

—

O variable magnitude (pot. infinitesimal)

[
»

Source: own elaboration.

This also relates to the methods of the Berlin school (Ferreirds, 1999, pp.
34-36). Cantor’s considerations relating to infinitesimals in the context of
the real numbers constructed are correct. However, in his proof against
infinitesimals he already made a mathematical error, more extensively de-
scribed elsewhere (Bfaszczyk & Fila, 2020a; Cantor, 1887).

Cantor tried to consider the concept of the infinitesimals defined in the
context of real numbers, also in the context of the ordinal infinite num-
bers he introduced. However, he did not formally define the relationship
between these elements in a structural sense, but only arbitrarily defined
its consequences. We believe that it was determined by him in a visual
representation describing infinitesimal quantities as potential, i.e., as var-
iable quantities becoming infinitesimal'.

Perhaps unconscious mental imagery shaped his approach to this topic.
By the fact that the representation may have been the only one accepted
(consciously or not), Cantor considered the meaning of the concept de-
termined by it as the only possible one. We argue, therefore, that Cantor
lacked critical concept kinds of infinitesimals. This is because he did not
attempt to define (introduce) new concepts in isolation from deriving
them directly, deductively, from concepts that already existed. Cantor,
because of his Platonic beliefs and the methods of the Berlin School, al-

! This topic will be further developed in a separate article.
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ways took existing concepts and their context as the immutable starting
point of his considerations. This also resulted (as we observe in this case)
in a lack of variety in the visual representations of certain concepts. Ul-
timately, it can be argued that Cantor’s way of using visual representa-
tions was ineffective in this case because it led to the need to prove the
Archimedean Axiom not only in the context of real numbers. It led to an
erroneous over-generalisation of the relationship between infinitesimals
and transfinite ordinals, as Btaszczyk and Fila point out.

This relation is described as follows: when n - natural number,
¢ — infinitesimal, Ord - transfinite ordinal, then: (vn € N)(( < 1—) =
= (Vv € Ord) (VneN) (( v <—) (Bfaszczyk and Fila, 20203, p. 176; Cantor,
1887, pp. 407-408). According to this, the product, as Cantor writes, will
always be infinitesimal. But, as Btaszczyk and Fila note: “Cantor had nev-
er defined the product of infinitesimal and ordinal numbers” (Bfaszczyk
& Fila, 20203, p. 176). And they show that this condition in not fulfilled
in the field of surreal numbers, where: “every infinite ordinal number
a is an infinite element (...) the element o is infinitesimal” (Btaszczyk
& Fila, 2020a, p. 176). Then, for certain infinitesimal o' we can find
such transfinite ordinal B, that 8 > «, and its product can be greater than
1 <a™- B (Bfaszczyk & Fila, 20203, p. 176)

Before moving on to Dedekind, it isimportant to note what Ferreirds (1999)
states, that Cantor’s and Dedekind’s methods were different, as both were
educated and worked in different scientific environments. Unlike Cantor,
Dedekind did not write much about his philosophical assumptions about
mathematics. Nor did he shy away from geometric (visual) intuition, even
though he believed that a rigorous, formal introduction of basic structures
was important (Dedekind, 1872, pp. 315-16).



THE NEW EPISTEMOLOGY OF MATHEMATICS

The problem that Dedekind solved in constructing the set of real num-
bers was related to gaps in the set of rational numbers (Dedekind, 1872,
p. 325). The original element of his construction of the set of real num-
bers was the property of continuity, which he defined on the basis of the
straight line composed of points (Ferreirds, 1999, p. 133; Dedekind, 1872,
p. 322; Bfaszczyk & Fila, in press), which is different from the previous use
of the term continuum, where it was something not composed of atomic
parts (Bell, 2017).

His definition of continuity, we argue, may have been determined by the
visual representation of the straight line and cut, which in turn was a re-
sponse to an earlier mathematical problem (the lack of irrational num-
bers) and was the purpose of the constructed structure (to define these
numbers). We assume that Dedekind used a visual mental representa-
tion to define the property of continuity because he referred to a straight
line in his work, and he gave a rather intuitive definition of a straight line
there at the beginning (Ferreirds, 1999, p. 133; Dedekind, 1872, p. 322).

He wrote:

If all points in the line are decomposed into two classes, such that
each point in the first class is to the left of any point in the second
class, then there exists one and only one point, which produces this
division of all points in two classes, this cutting of the line in two
parts (Ferreirds, 1999, p. 133; Dedekind, 1872, p. 322).

We can say that in Dedekind’s case we are dealing with a critical notion of
continuity. Dedekind did not limit mental representations only to those
associated with the “mainstream” (continuous-discrete opposition), but
reached for a new, original representation to illustrate and solve the
problem (Bfaszczyk & Fila, 2020b, Fig. 2).
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Figure 2.

The cuts in the ordered field of real numbers.
O @
® O

Source: Bfaszczyk & Fila, 2020b.

His approach in this case allowed him to effectively define the set of
real numbers (the continuity property describes it, under some con-
ditions, in a categorical way (Bfaszczyk, 2020). Conditions when the
property of continuity describes the structure in a categorical way:
“The field of real numbers is defined as a commutative ordered field
(F, 4 -, 0 1, <), in which every Dedekind cut (L, U) of (F, <) satisfies the
following condition: (3x € F) (Vy € L)(Vz € U)(y < x < z) (C1)" - the
continuity property by Dedekind.

The equivalent form of (C1): “The field is Archimedean and every Cauchy
(fundamental) sequence (a,) € F has a limit in F” (Btaszczyk, 2020,
p. 148).

Our conclusion is that the diversity of mental representations in
Dedekind’s case provided him with the critical, effective concept (defi-
nition) of continuity. In contrast, Cantor limited his mental (especially
visual) representations and created a false relation between the con-
cepts. If Cantor had not considered concepts as existing independently
of him, he might have had a more pragmatic approach to them, similar
to Dedekind’s. That is, he would have considered each concept only in
the context of a given structure, he would not have transferred certain
properties (like the Archimedean property) from one structure (R) to
all structures in mathematics. He might not have limited the visual rep-
resentations of the concept of infinitesimals to potential ones, because
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he would not have tried to deny the existence of actual infinitesimals, as
described by Kerry, for example (1885, p. 212).

To summarise, we assume that the diversity of mental representations
is a necessary but not sufficient condition for forming critical concept
kinds. While diversity enables concept formation, specific conceptual
structures are also essential, as shown in our Cantor and Dedekind mod-
els analysis. The relationship between the diversity of mental representa-
tions and the formation of critical concept kinds can be understood as
complementary but not inherently complete. DMR plays an enabling
role, providing the cognitive flexibility necessary for developing com-
plex concepts by allowing individuals to approach ideas from multiple
perspectives. However, diversity alone does not guarantee the formation
of CCK; specific conceptual structures and being aware of the purpose of
the structure being constructed are also required to guide and organise
these representations effectively.

Our analysis of the Cantor and Dedekind models illustrates this interac-
tion. Cantor’s proof against actual infinitesimals doesn’t provide a criti-
cal concept kinds of infinitesimals. This is because of the lack of diversity
of mental representations associated with this concept, as he rejected
these, if only on the conscious level. In addition, Cantor’s proof is not cor-
rect because, as we note, there is an inadequate understanding of this
concept in the context of the purpose of the structure described in his
proof. Whereas Dedekind’s focus is on both the mental visual representa-
tions and the purpose of the mathematical, introduced structure of real
numbers. His approach offers a diversity of mental representations that
leads to the formation of a critical concept kinds of continuity. When cou-
pled with structured conceptual frameworks, it provides a categorical
description, under certain conditions, of the constructed structure.
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5. Conclusion

In summary, we will first address the question: “whether the diversity
of mathematical representations implemented in Al can influence and
shape individual mental schemes and processes” posed in the section
“Diversity and the critical concept kinds”. We suggest that the diversity of
mathematical representations implemented in Al, which directly relates
to what the user can observe, can influence the diversity of mental rep-
resentations and the creation of critical concept kinds. The use of Al has
the potential, first and foremost, to enrich the diversity of users’ mental
representations. However, we also assume that by enabling the gener-
ation of different models, visualisations and mathematical approaches
(Mityushev, Nawalaniec & Rylko, 2018) based on representational diversi-
ty, Al tools can support the belief that representational diversity is neces-
sary for effective mathematical problem solving.

It is important to further investigate how users perceive and interpret
Al-generated outputs and how this affects their individual mental rep-
resentations. In particular, it is worth investigating whether Al users de-
velop their own diverse representations or simply accept Al-generated
outputs as final solutions without critical processing. Analysing these
interactions can provide insights into the role of Al in mathematics edu-
cation and the development of critical thinking skills, especially the for-
mation of critical concept kinds.

The search for a new epistemology in mathematics and other sciences is
crucial for identifying and addressing various problems, including those
relating to the social responsibility of science and socio-ethical issues.
The analyses presented in this article support the view that, particularly
in the age of artificial intelligence, the social responsibility of mathemat-
ics and its influence on society through its implementation in Al tools
must be considered.
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Our argument is based on the idea that the diversity of mental re-
presentations of concepts can be key to effectively construct new
concepts, relationships, and structures. Therefore, the diversity
of mental representations in mathematical practice may play
a significant role in effective problem-solving and the construction
of mathematical structures. This notion is closely linked to the ability
to develop critical concept kinds. A primary consideration here is that the
mental representations possessed by each individual can be shaped by
Al tools and the knowledge embedded within them.

Given the profound impact of artificial intelligence on society,
it becomes important to explore whether it is possible to cultivate the
need for diversity in the representation of certain concepts and practi-
cal problems by designing suitable schemes at the theoretical level. We
hope this article can serve both as a starting point and a motivation for
further research into the new epistemology of mathematics and other
sciences. This pursuit is not solely for theoretical reasons but also for so-
cio-ethical ones, such as striving for a just and non-discriminatory so-
ciety, especially given the influence of Al tools on mental imagery, even
through mathematical problems.
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